Solution to the following problem is considered: for given conics C and K and an integer N ≥ 3, determine whether there exists a closed N-sided polygon inscribed in C and circumscribed about K. The case of C and K being circles is considered in detail. Equations are proposed with a relatively small number of arithmetic operations -near log 2 N. Along the way, the following result is obtained: for circles with rational coefficients, the polygons can only have the following number of sides N = 3, 4, 5, 6, 8, 10 and 12 (a subset of the Mazur's set of integers for rational elliptic curves). The proposed solution may also be applied to determine whether a Hankel determinant of order N/2 having special form (used in the classical Cayley criterion) is equal to zero, and for related problems. Possible generalizations for ellipses and hyperbolas are also presented. Particularly, equations are proposed for parameters of concentric Poncelet's ellipses (billiard case).
Introduction
Porism is a statement containing conditions to ensure that a given problem has innumerable solutions. Such a statement is the theorem from the golden age of Geometry -The Great Poncelet Theorem (see [1, 2, 4, 5] ). It claims that if for two conics, there is an N-gon such that it is inscribed in one of them and circumscribed about the other, then there exists an infinite number of such N-gons, and one vertex of an N-gon may be located on the first conic arbitrarily.
We present here a short overview of the existing solutions to Poncelet's porism. The overview is based on the works [2] by Bos et al. and [32] by Weinstein, as well as some recently published papers. Sections 3 and 4 contain the proposed solutions to Poncelet's porism. These solutions are based on some propositions published previously. For the reader's convenience, these propositions are repeated in Section 2 (with some updates).
The geometric figures that arise in the following discussion are figures in the real plane R 2 , unless it is specifically mentioned that they are in the complex plane C 2 . We interpret the points of R 2 as complex numbers. The notationf signifies the conjugate of f . Let C be the unit circle in the real plane R 2 and K be a conic. In order to distinguish the disc C from its boundary, the latter is denoted ∂C.
If there exists a closed N-sided polygon inscribed in C and circumscribed about K, then K and C are called a pair of Poncelet's conics of rank N. For brevity, we will say that a polygon inscribed in C and circumscribed about K (not necessarily closed) is interscribed between K and C.
Chapple and Fuss
The first solutions to Poncelet's porism were published even before Poncelet's theorem became known. An amateur, William Chapple, published in 1746 "An essay on the properties of triangles inscribed in and circumscribed about two given circles," where he proposed an equation which linked the radii of the circles with the distance between their centers. Let C be the unit circle, and K be to the line passing through the circles' centers. Of course, because of Poncelet's closure theorem, Fuss's equations are valid for any closed interscribed N-sided polygons. However, in his times, this fact was yet not known.
Other equations connecting r and c
Weinstein [32] presents the results of many mathematicians who solved the porism during the 19-th and the first half of 20-th century by algebraic equations for many N's. Radič [27, 28] recently received new results of this kind. Kerawala [12] , applying elliptic functions, proposed for any N the following equations:
where sc = sn/cn.
Cayley's criterion
Poncelet's N-sided polygons close for non-singular conics C and (x − ξ) 2 into a power series f (t) = ∞ j=0 σ j t j .
Preliminaries

Direct application of Poncelet's theorem to establish a recurrent procedure based on a biquadratic equation
Let us reformulate the Poncelet theorem in terms of the chords [z, w] of C that are tangent to a conic K. To this end, we introduce the following equation in z and w (see [21] for its derivation):
where f and g are the foci of K and B is the square of its minor semi-axis. Burskii and Zhedanov [3] considered a similar biquadratic equation that defines a bounded plane domain (in our notations, in the real plane z-w ). They showed that the existence of a nontrivial solution in this domain of the Dirichlet problem for the homogeneous string equation (where the only possible nonhomogeneity is the Neumann boundary condition) is equivalent to the Poncelet porism for specially chosen conics.
Here, as well as in previous papers [19] [20] [21] [22] [23] [24] [25] [15] [16] [17] , we may also find the solution to Pell-Abel equation and the period length for the continued fraction of the square root of a polynomial of the fourth degree in the terms of Poncelet's conics. For simplification, we consider first (in Section 3) the case when the conics are circles. Then (in Section 4), we consider the statements of Sections 2 and 3 which may be generalized for other conics without bulky derivations. If K is a circle centered at c > 0 of radius r, then, instead of Eq. (1f), we have
The next proposition is equivalent to Poncelet's theorem (see [21, 22] (2) in the complex plane C 2 : 
. We call the number j of a circle K j "the packaging number of the circle." The ratio j/N is the rotation number of C defined by K j (see [13, 14] [22] ; see [21] for a proof.
All circles of a package belong to one pencil [1] . Recall that a pencil of conics is defined by the common points of the conics. The coordinates of the common points are the pencil's invariants. They may be real or complex. The circles x
two finite common points, x = I c , y 1,2 = ±i I 2 c − 1, where
is the invariant of a pencil of circles.
Remark 2.1.5. The Main Definition is valid for the case when the given circles are nested, and there exists an N-sided closed convex polygon interscribed between C and K 1 . In a general case, when we may have intersected and separated circles forming Poncelet's pairs with C, we still use the term "package" for the set of circles that may be determined by Proposition 2.1.4, i.e., circles with centers 
Example 2.1.10. Let N = 20. Then 
Now let us repeat Proposition 2.1.4 in more detail. For that, rewrite (1) in the following form: 
Step t ≥ 3, z = w t−1 ; if w t−2 = 0 then Step 1.
Step 2.
Step t, 3 ≤ t < N. [19] [20] [21] [22] 7, 33] ) are generated by a UB-matrix with eigenvalues {α j } n 1 , the equation for a unit-circle chord
are the eigenvalues of the matrix e −iϕ T + e iϕ T * /2. The connection of the curves K k with the higher rank numerical ranges is given in Gau et al. [6] . Even if K 1 is not a conic, it may occur that some K k is a conic. For example, let the eigenvalues of 5 × 5 matrix T are α 1 = α 2 = −0.5 and three more eigenvalues satisfy the equation Fig. 1 ) K 1 is a convex curve -obviously not a conic, K 2 is a circle centered at −0.5 of radius 0.375, and K 3 is a non-convex curve that is even not inside K 2 . The possible vertices of an interscribed 6-sided polygon are (± √ 55/8, ±3/8) and (−0.8, ±0.6).
Invariant measure on ∂C
The generation of Poncelet's circles may be interpreted by means of a measure density function defined on the circumference ∂C for a circle K nested in C. This approach goes back to Jacobi and
Bertrand (see Schoenberg [31] ) and was explicitly presented in Kolodziej [14] and King [13] . The positive direction on ∂C is chosen to be counterclockwise. We say that a chord
if this arc is to the right of the chord, and the direction from z 1 to z 2 is positive on the arc. 
Proposition 2.2.1. For any circle K ⊂ C , there exists a probability measure density h(z) defined on ∂C
which does not depend on the choice of z 1 .
Such a measure is not unique. For example, it may be
where I c is defined in Eq. (2) for a pencil containing K, and C is the normalizing coefficient, i.e.,
If K is a circle of a package of a rank N = 2K + 1, then we may choose the measure density function (see [19, 20] ) as follows:
where c j , j = 1, . . . , K, are the centers of the circles of the package.
Let μ (K) be rational, say irreducible k/N. Consider an N-sided polygon P interscribed between K and C. Each side of this polygon supports an arc of the measure k/N. The total measure of the arcs supported by all sides of P is k. Since k is an integer, P is closed. Let P 1 be the convex polygon with the same vertices as P. By Proposition 2.2.1, each side of P 1 supports an arc of C of measure 1/N. The diagonals of P 1 that leap over j − 1 vertices (see the Main Definition) form a star-shaped N-sided polygon P j such that its sides support arcs of C of the measure j/N. If j and N have the greatest common divisor q > 1, then instead of P j , we have q polygons, each (N/q)-sided, and their sides support arcs of the measure (j/q)/(N/q) = j/N. We still denote the set of these q polygons by P j . If a vertex of P moves along C, all P j 's rotate, and their envelopes K j are also circles belonging to the same pencil as K and C. So far we considered a closed polygon such that each its side supports an arc of C of the same rational measure. Now let us recall that Poncelet proved his closure theorem as a corollary of the so-called general theorem [1, p. 208 
]:
Poncelet's general theorem. Let C, D 1 , D 2 , . . . , D n−1 be conics from one pencil. Consider an n-sided closed inscribed polygon of C whose first vertex is P and whose first n − 1 sides are tangent to the successive D j . Then if P moves along C the n-th side L of the polygon will envelop a curve which is again a conic belonging to the same pencil.
Based on this theorem, the following statement is obvious: (1) , K (2) , . . . , K (n) belong to one pencil. Furthermore, let an n-sided closed polygon Q be inscribed in C and its j-th side is tangent to the circle
Proposition 2.2.2. If an N-sided closed polygon P is interscribed between a circle K and C, and a closed polygon Q is formed by sides and diagonals of P, then for any side of Q, there exists a circleK such that the circleK and C form a pair of Poncelet's circles. Let a set of circles along with C belong to a pencil, and a closed polygon be inscribed in C. Even if each side of this polygon is tangent to some circle of the given set, it may occur that these circles do not form Poncelet's pairs with C. Notice that by the definition of the matrix K (N+1) (Eq. (3)), we have for the vertices calculated in Proposition 2.1.1 for |w
0 | = 1 m arc w k(s,j 2 ) , w k(s,j 1 ) = |j 2 − j 1 | s N .
This equation and the next theorem present a sufficient condition for a set of circles to form Poncelet's pairs with C in the case when a closed polygon is inscribed in C and each its side is tangent to a circle of the given set.
Theorem 2.2.3. Let the circles C, K
K (j) (j = 1, 2, . .
. , n). Each of the circles K (j) forms a Poncelet pair with C, if all ratios
are rational.
Proof. Since the polygon Q is closed, the sum
Here, δ j = 1 or −1 in accordance with the sign rule of supporting arcs. Therefore if all r j are rational then all μ K (j) are also rational. See application of this theorem in the example of the next section after Proposition 2.3.1.
Remark 2.2.4.
It is appropriate here to note that in some sense, computers brought us back to prePythagorian time when irrational numbers "did not exist." In calculations, since we replace the irrational numbers by their rational approximations, any two circles form a Poncelet pair. However the number of sides of closed interscribed polygons depends on the accuracy of the circle's parameters. As shown in Example 2.1.13, for the unit circle and the circle K centered at 0.5 of radius 0. 
Construction of short cycles
Let N be the least common multiple of the denominators of μ K (j) , j = 1, . . . , n − 1, in the For some Ns, the calculations described in this section for the solution to Poncelet's porism are very effective. Radič [27, 28] came to a similar conclusion (using a different approach). However, a short cycle such that each subsequent number taken modulo N is twice the previous one is not always really short for any N (see Table 4 in [25] ). In the next section, we show how to obtain a short cycle for any N.
Elliptic curves associated with two circles
Eq. (1) is for a chord [z, w] of C which is tangent to a circle K of radius r centered at c. This equation defines an elliptic curve E z,w equipped with a group structure. Consider a directed chord [z, w] (the arc [z, w] being to the right of the chord is directed counterclockwise from z to w). Such a chord corresponds to the point (z, w) on E z,w . Substitute into Eq. (1), where
Then we have the transformed elliptic curve E z,y ,
where
The curve E z,w is convenient for the formulation of statements formally denoting the addition of its points by ⊕ and assuming that the addition on E z,w is induced by the addition on E z,y . When we need the explicit expressions for an actual addition of the points on the elliptic curve, we consider the curve E z,y with the zero point O = (. . . , ∞) -the common point of all vertical lines (as usual for the Weierstrass form of elliptic curves) denoting the operation by •. 
2 ), we may use the fact that the abscissa of this point is 1/f (c) (see Eqs.
(5) and (9)). Below we need the following transformations: Proof. Consider the elliptic curves E z,y andẼ z,y corresponding to the circles K andK, respectively: y 
It is easy to check that for a positive integer
2 ), if j is odd, and Proof. The statement follows from a theorem of Mazur (see [18] or [30] ). By that theorem, if a rational point on a rational elliptic curve has a finite order, then this order may take only the following 10 values: 2, 3, 4, 5, 6, 7, 8, 9, 10 and 12. For number of sides N ≥ 3 of Poncelet's polygon, we should exclude 7 and 9 since otherwise, by Theorem 3.3, 14 and 18 also would be possible.
The last corollary is an addition to Malyshev's theorem [17] about possible solutions to Poncelet's porism for a general case of rational conics -conics with rational coefficients. Malyshev [17] gave the examples of rational circles for the number of vertices 3, 4 and 6. Examples of rational circles for the numbers 5, 10, 12 and 8 are given below. 
., we have: if t is even, then (w
2 ), and if t is odd, then (w t , y t ) = t(c, 2cr
2 ). In particular, for j > 0, by Remark 3.2,
Corollary 3.12. For any positive integers t j , j = 1, 2, . . . , n, we have:
if n is odd, (13) where k = t 1 + t 2 + · · · + t n . 
Here 0(z, y) = O. It can be shown that the total number of non-zero terms in Eq. (14) is less than or equal to log 4 (N) + 1.5. 2 )
i.e., here, the left-hand side is equal to 352(c, 2cr
2 ) and the right-hand side is equal to 9(c, 
may form with C a Poncelet pair of rank 2N. These centers are the inverse functions to the function f (c) defined in Eq. (5).
Generalization
Here we consider ways to solve Poncelet's porism for a real conic E having the equation
and the unit circle C. For that, we consider the statements of Sections 2 and 3 and generalize them to the case when K is a conic of Eq. (15).
Recurrent procedure based on the biquadratic Eq. (1f)
For the conic of Eq. (15), we have Eq. (1f) instead of (1). A package of conics is defined similarly to a package of circles. First, let us consider a package of ellipses nested in C by the Main Definition (replacing the word "circle" by "conic.") The numeration of nested ellipses is assigned according to the way they are nested: ] . The numeration of the foci of a package is as follows:
As proved in [21] , the conic major axes (as well as minor axes) of a package are either parallel, or are on one line. Let us orient them such that the major axes are parallel to real axis. If f and g are the foci of the j-th ellipse K j and f > g, then we call f a "right focus," assigning it the number j and we call g a "left focus," assigning it the number −j. Thus all foci are denoted Why this is correct is explained in [22] ; see [21] for a proof.
Eq. (1f) for the s-th conic has the following form:
where B s is the square of the minor semi-axis of the s-th conic.
The invariants for the package containing C and a conic K of Eq. (15) are
In detail, the foci of a package are calculated as follows: 
(not necessarily distinct) may
be determined by the following recurrent calculations (see [21, 22] ):
Step 1, z = w 0 = 0, w 1 := w = f s ;
Step 2, z = w 1 ,
Step t≥ 3, z = w t−1 ; if w t−2 = 0 then
if w t−2 = 0 then either w t−1 = f s and w t = w 2 , or w t−1 = f −s and Eqs. (18) and (19) 
Case of concentric conics (
The following proposition is valid for two associated packages, a package of nested circles of rank N and a special package of rank 2N of ellipses: 
along with the degenerated "ellipse" E N , the origin, form a package e of ellipses of rank 2N. 
Proof. A simple, however cumbersome proof of this theorem is to apply the last expressions for the expected vertices and show that they really define for the given conditions a polygon interscribed between E 1 and C. The similarity of the recurrent procedures of Proposition 4.1.3 and Proposition 2.1.11 suggests a shorter but less transparent proof. Compare these procedures for the ellipse E 1 and the circle K 1 . Then we see that the first N items of the first procedure (denoted here W t ) are equal to the square roots of the items of the second procedure, i.e., W t = √ w t (t ≤ N). Indeed, Step 1 results in
Step 2 results in Below we consider cases when at least one of the parameters, ξ or η, is = 0. 
Construction of short cycles
where I 1 , I 2 and I 0 are the invariants of the pencil containing K j and C (see Eq. (17)). 
i.e., we have the initial ellipse. Therefore the ellipse and hyperbola belong to a package of rank 5.
Elliptic curves associated with conics K and C
Eq. (1f) is for a chord [z, w] of C which is tangent to the conic K of Eq. (15) with the foci f = c + e, g = c − e, where c = ξ + iη. Eq. (1f) defines an elliptic curve E z,w . Substitute
(1 −f z)(1 −ḡz) (22) into Eq. (1f). Then we have the transformed elliptic curve E z,v ,
where I 1 , I 2 and I 0 are the pencil invariants (Eq. (17)), and
As usual, we may birationally transform the variables z, w to variables u, y where we have y 2 equal to a cubic polynomial of u. For that, determine the roots of polynomial of Eq. (23), denoted z j , j = 1, 2, 3, 4.
It may occur that there are multiple roots. This however means that there exists a common point of C and K where the conics have a common tangent. This case may be analyzed in a simple way. Below we assume that the roots z j are distinct. Substitute into Eq. (23)
Then E z,v is transformed to the elliptic curve E u,y ,
The transformation of E u,y to E z,w is defined by Eqs. (25) and (22) . The inverse transformation, E z,w to E u,y , is defined by the solution to (25) and (22) with respect to u and y as follows: 
if n is odd, (32) where k = t 1 + t 2 + · · · + t n . 
For an arbitrary real centers of conics (η = I 2 = 0), we should first determine the roots of the polynomial of Eq. (19 
For other relations of I 1 and I 0 , it is also simple to determine the roots of (19) . Then U 1 and Y 1 are calculated by Eq. (26) . Being given ξ and B, we can determine A from Eq. (30) and estimate the parameters of the conics E j such that there exist 343-sided closed polygons interscribed between E j and C.
For example, the ellipse E centered at 0.3 with semi-axes √ A = 1.3 + ε 1 and √ B = 1.138757 + ε 2 , where |ε j | < 10 −6 forms Poncelet's pair with C of rank 343. The package containing E and C consists of
